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Abstract. We give a complete description 
of the integral cohomology ring of the flag 
manifold Eg/T, where Eg denotes the com- 
pact exceptional Lie group of rank 8 and T its 
maximal torus, by the method due to Borel 
and Toda. This completes the computation 
of the integral cohomology rings of the flag 
manifolds for all compact connected simple 
Lie groups. 

1. Introduction 

Let G be a compact connected Lie group and T a 
maximal torus of G. Then the homogeneous space G/T 
is called a {full or complete) flag manifold and plays an 
important role in modern mathematics. In algebraic 
topology, the following problem is classical: 

Problem 1.1. Determine the integral cohomology ring 
of the flag manifold G/T for G a compact connected 
simple Lie group. 

The computation of the integral cohomology ring of 
G/T was started by Borel in 1953 ([2])- Borel consid- 
ered the spectral sequence for the fibration 

G/T BT BG, 

where BT (resp. BG) denotes the classifying space of 
T (resp. G), and obtained the following description 
of the cohomology ring of G/T; Let fc be a field of 
characteristic p, and suppose that p = or G has no 
p-torsion. The Weyl group of G acts naturally on 
T, and hence, on BT and also on H*{BT; k). Then the 
homomorphism 

L* : H*{BT; k) — > H*{G/T; k) 

induces the following isomorphism: 

(1.1) H*{BT; k)/{H+{BT; k)^) — > H*{G/T; k), 

where {H+{BT;k)^) denotes the ideal of H*{BT;k) 
generated by M^-invariant polynomials of positive de- 
grees. This is the Borel presentation of the cohomology 
ring of G/T. Borel's method is valid for the integer co- 
efficients when G has no torsion. So the cases of SU{n) 
and Sp{n) follow immediately. However, when G has p- 
torsion, Borel's result does not hold. In 1955, Bott and 
Samelson developed an algorithm for computing the in- 
tegral cohomology ring of G/T by means of the so-called 
"Bott-Samelson i4r-cycle"Q, and determined the case of 
the exceptional group G2 explicitly ([5], [H Theorem 



III']). The above problem could be solved theoretically 
by their method. However, it seems difficult to apply 
this to other exceptional goups i^4, Eq, E^ and Eg. In 
1975, Toda gave another useful description of the inte- 
gral cohomology ring of G/T from the known results on 
the mod p cohomology rings H* {G^'L/p'L) of G for all 
primes p and the rational cohomology ring H*{G/T; Q) 
of G/T ([ini Theorem 2.1, Proposition 3.2]). Based 
on Toda's method, the cases of S0{2n), SO{2n + 1) 
were settled by Toda and Watanabe ([211 Theorem 2.1, 
Corollary 2.2]) The cases of ^4 and E^ were also set- 
tled in [211 Theorems A, B]. The case of E-j was settled 
by the author ([TSl Theorem 5.9]). So the only remain- 
ing case is G = i?8. In this article, we determine the in- 
tegral cohomology ring oi E%/T explicitly along the line 
of Toda's methodH This completes the computation of 
the integral cohomology rings of the flag manifolds for 
all compact connected simple Lie groups. 

2. Ring of invariants of W{Es) 

Let i?8 be the compact simply connected simple ex- 
ceptional Lie group of rank 8 and T a maximal torus. 
Following [7], we take the simple roots {ai}i<i<8 and 
denote by {oJi\i<i<% the corresponding fundamental 
weights. In topology, it is customary that roots and 
weights are regarded as elements of H'^{BT;Z,). Let 
Sj (1 < i < 8) denote the simple reflection correspond- 
ing to the simple root at. Then the Weyl group W{Es) 
of Es is generated by simple reflections Si {1 < i < 8). 
As in fT9l §2], we put 



(2.1) 



Then we have 



ws, ti^ Si+i(tj+i) (2 < i < 7), 

51(^2), t = U2. 



H*iBT;Z) = Z[ti 



...,ts,t]/{ci--3t) 
i-th elementary symmetric 



for Cj = e{ti, . . . ,ts), the 
polynomial in ti, . . . , tg. 

According to Chevalley . 8J , the ring of invariants of 
the Weyl group W{Es) over Q is generated by 8 al- 
gebraically independent polynomials {basic invariants) 
of degrees 2, 8, 12, 14, 18, 20, 24, 30. By computing the 
Chern character of the adjoint representation of Eg,, of 
dimension 248, we obtain the basic invariants Ij {j — 



Bott-Samelson X-cycle is refered to as a Bott tower in 
toric topology, and a Bott-Samelson-Demazure-Hansen variety 
in representation theory. 



^The results for SO{2n), SO{2n + 1) also appeared in [16] 
by computing the "cohomology ring of the root system" due to 
Demazure |10| . 

■^Recently Duan and Zhao also computed it in the context of 
the Schubert calculus ( 1 12: ). 



2,8,12,14,18,20,24,30) explicitly in [H Lemma 2.3] 
(see also [171 2.3]). Thus we have the following: 

Lemma 2.1. The ring of invariants of the Weyl group 
W{Eg) over Q is given by 

H*{BT; (Q)^(^«) = Q[/2, /g, /12, /i4, As, ho, hi, ho]- 

By (jl.ip and Lemma [2?T| we can compute the ratio- 
nal cohomology ring H*{Es/T; Q) of Es/T. 

3. Integral cohomology ring of Es/T 

As mentioned in the introduction, we compute 
H*{Eg,/T; Z) following Toda's method. Since Es is sim- 
ply connected, the homomorphism 

L* : H'^{BT:Z) — > H'^{Ea/T-Z) 

is an isomorphism. Under this isomorphism, we denote 
the i*-images of ti and t by the same symbols. Thus 
H'^{Es/T;1i) is a free Z-module generated by ti (1 < 
i < 8) and t with a relation ci = 3t. Toda [20] gave a 
general description of the integral cohomology ring of 
Es/T. In our situation, his result is stated as follows: 

Proposition 3.1 ([20], Proposition 3.2). The integral 
cohomology ring of Es /T is of the form: 

H*{Es/T-Z) 

_ Z[ti, . . . ,^8,^, 73, 74, 75, 76, 79.710. 715] 

f Pl,P2,P3,P4,P5,P6,PS,P9,Pl0,Pl2,Pl4:,Pl5, \ 
\ PI8, P20, P24, P30 J 

where ti, . . . , ig, i £ are as above, and 7^ G H^^ [i — 
3,4,5,6,9,10,15), and 

pi — ci — 3t, 

Pi=di- 2ji {i = 3, 5, 9, 15), 

Pi^Si- 37i (i = 4, 10), 

P6 = 6q- 576. 

Here Si {i — 3,4,5,6,9,10,15) are arbitrary elements 
of H* {Es /T; Z) satisfying 

63 = Sq\p2), 65 = Sq^Ss), = 5g8(^5), 

6i5 = Sq"'{ps) mod 2, 

di=V\p2), Sw = VHdi) mod 3, 

Sq = V^{p2) mod 5. 

Other relations pj (j = 2, 8, 12, 14, 18, 20, 24, 30) are de- 
termined by the maximum of the integers Uj in 

(3.1) Uj ■ pj = mod (pi; i < j), 

where Ij (j = 2,8,12,14,18,20,24,30) are the basic 
invariants of the Weyl group W{Es) given in Lemma 

We will carry out his program for Es- Fortunately, in 
[T9l Lemma 4.2], partial computation of H*{Es/T;Z) 
has been made up to degrees 36. So we need only to de- 
termine the higher relations p2o, P24 and pao explicitly. 
However, it seems difficult to compute them directly 
from the basic invariants /20, hi and /30. So we make 
use of a certain subgroup of Es- Namely, let C be the 



centralizer of a one dimensional torus determined by 
ai = (i / 8). The local type of C can be read off 
from the Dynkin diagram oi Es ([3]), and we have, in 
fact, 

C = T^-Er and n ^ Z/2Z, 
where denotes a certain one-dimensional torus. Con- 
sider the fibration 

Ej/T' ^ C/T -^Es/T^ Es/C, 

where T' is a maximal torus of Et. Since H*{Es/C; Z) 
and H*{Et/T';Z) have no torsion and vanishing odd 
dimensional part by Bott [H Theorem A], the Serre 
spectral sequence with integer coefficients for the above 
fibration collapses, and the following sequence 

Z — >H*{Es/C;Z) ^ H*iEs/T;Z) 

^H*{C/T-Z) = H*{E-j/T'-Z) — > Z 

is co-exact. In particular, p* is a split monomorphism 
so that H*{Es/T;Z) contains H*{Es/C;Z) as a direct 
summand if we identify Imp* with H*{Es/C;Z). 

The integral cohomology ring of Es/C is determined 
in |19j . which we now recall: 

Theorem 3.2 ([19], Theorem 4.7). The integral coho- 
mology ring of Es/C is given as follows: 

H*{Es/C;Z) = Z[u,u, w,a;]/(ri5,r2o,r24,r3o), 

where degu — 2, degv = 12, degw — 20, degx — 30 
and 

ri5 = - 2a;, 

r2o = 9u2° + 45u"w -f 12u^°w -f 60u^v'^ + 30u\w 

+ IOmV + 3w^ 
r24 = llu^^ + GOu^^v -\- 21u'^'^w lOSu^^w^ + 60u^vw 

-I- GOu'^v^ -f Qu'^w'^ -\- SOu'^v'^w -\- Bv'^, 
rgo = -9a;^ - I2u^vx - 6u^wx -f 9u^^vw - lOu^^w^ 

- 3u^°w^ + i^u^v^w - 35^%"* <6u\w^ 

- lOu^u^w - 4t)^ - 2w^ . 

Remark 3.3. The integral cohomology ring of Es/C 
is also computed by Duan and Zhao \\\\ Theorem 7] in 
the context of the Schubert calculus. In our forthcoming 
paper f[14j). we will show that Theorem \3.2\ completely 
coincides with the result of Duan and Zhao by means 
of the divided difference operators due to Bernstein- 
Gelfand-Gelfand [Ij and Demazure [lOj . 

The relations ^20, ?'24 and rao oi H* {Es/ C:Z) corre- 
spond to the relations p20, P24 and pso of H*{Es/T; Z) 
respectively. In order to make the description of H* {Es /T\ Z) 
complete, we have to specify the elements u, w, w and 
X explicitly in the ring H*{Es/T;Z). This has been 
accomplished in [19, 4.2 and 6.1]. Furthermore, since 
H*{Es/C;Z) is a direct summand H*{Es/T;Z), r2o, 
r24 and rso are not divisible by any integer in the ring 
H* {Es/T;Z). So we can replace p2o,P2i and pao with 
'^20 , '"24 and respectively. Summing up the results so 
far, we obtain the following main result of this article: 



Theorem 3.4. The integral cohomology ring of Eg/T 
is given as follows: 

H*{Eg/T-Z) 
^ ■ . ,^8,^, 73, 74, 75, 76, 79, 710. 715] 

( Pi, P2, P3, P4, P5, P6, P8, P9, PW, P12, Pl4, Pl5, \ 
\ Pis, P20, P24, P30 J ' 

where ti,...,t8,t G are as in §2, 7^ e H^^ {i = 
3, 4, 5, 6, 9, 10, 15). The relations are 

pi = ci - '3t, 

P2 = C2- U^, 
P3 = C3- 273, 

P4 = C4 + 2t^ - 374, 

P5 = C5 - 3*74 + 2i^73 - 275, 

pe = ce- - t75 + 1%4 - 2i^ - 676, 

ps = -3c8 + 374 - 27375 + t{2cr - 67374) 

+ ^2(271 - 576) + 3*^75 + 4^474 - 6^573 + fS, 

pg = 2C673 + tCs + t^Cy - it^ Cq - 279, 

Pio = 75 2c773 - t^cs + 3t^cr - 3jio, 

P12 = 1576 + 2737475 - 2c775 + 27I + 107^76 

- 3c874 - 27I 

+ i(c873 - 27I75 + 4c774 + 6737I) 
+ i''(37io - 257476 - C773 - I67I74) 
+ 43(257376-37475 + 1073) 
+ t^(3c8 + 37375 + 57I) 
+ t^{-3c7 - 57374) + 4tS| - 7*^4 + 4t%3, 
Pi4 = C7 - 3c876 + 674710 - 4c873 + 6C77374 - 673 7I 

- 127476 - 2737576 

+ t(24737476 - 8C773 ~ 8c776 + 4c875 - 673710 

+ 127I74) 

+ (-2737475 + 67I + 27^76 + 2O72 - 474 - C775) 

+ ^^(-12737! + 8c873 - 5c774 + 37576) 

+ ^''(3710 - 267476 + 6C773 - 47374) 

+ (247376 + 37475 + I27I) + i'(-6c8 + 27I) 

- 4t^c7 + 1*(676 - 67I) - 6t^"j4 + 12t"73 - 2^l^ 
Pi5 = (c8 - t^ce + 2t^"f5 + M^-fi - t^){c7 - 3tce) 

- 2(73 + C6)(79 - C673) - 2715, 

P18 = 79 - 9c87io - 67I710 - 47I79 - 10737679 

+ 27375710 - 273747576 - 6C7737I + 3C87476 

+ C87I74 + 67I7I + I27I76 + 2c^74 + 2C77I75 

- 27I7475 + 2C77576 + 47I - IO7I + 187^76 

+ I57I76 - 9C7C873 

+ i(-2737579 - 24C77476 + 8c87475 + 4C77374 



+ 4c77io - C879 + 2C773 + 4c87376 + 127374710 

- 36737I76 + 127^7576 + C87f + 67375 - I87I74) 
+ (2473 74 - 2cl - C779 - 11x3710 + 2737479 

- 2C87375 + 16c77376 - 3c77475 + 757476 - 674 

- 9c87| + 817^7476 - 1376710 + 4737^75 - C77I) 
+ (-375710 - 1507376 - I357I76 + 67379 

- 2C77375 + 2IC77I + I5C7C8 + 3747576 - 37I7475 
+ I87374 + 157679 + 14C87374 - 3O7I) 

+ i^(-13c876 + 274710 - 5c? - 337^7! + 37579 

- 28737576 - 457I76 - 4IC77374 - I37I75 - 9C87|) 
+ i^(3c776 - 67I75 + 23C77| + 105737476 - 60375 

- 37479 + 457I74) 

+ t^(ll74 - 47379 + 4c775 + 9737475 + I27I 

+ 667276 + 757I + 2C874) 

+ ^^(-33737! + 127375 + 157576) 

+ t*^(-47io + 2I7374 - 5c773 - 37476) 

+ (679 -4271- 997376) 

+ ti°(-4c8-67|- 137375) 

+ t"(3c7 + 277374) + t'^(6076 + I872) 

+ 6t^^j5 - Qt^^l4 - 12t^^l3 + 10^^^ 
P20 = 9u^° + 45u"w + 12u^°w + eOu^v'^ + 30u\w 

+ lOu^v^ + 3^2, 
P24 = llw^" + QOu^^v + 21u^^w + 105u^\'^ + GOu^vw 

+ GOu^v^ + du'^w'^ + 30u\^w + 5u^, 
P30 = -9x2 _ i2u^vx - 6u^wx + 92i^'^vtu - lOu^^^s 

- 3ui°w2 _^ 30^^1,2^; _ 35u%'^ + 6u'^vw'^ 

- lOu^v^w - - 2w^, 
where 

u = ts, 

V = 2-/G+ 7I - M75 + 74 (-^2 + u2) _ ^3^^ + - t'^u^ 

+ t^U^ + t^U^ -tu^, 
w = 710 + "79 - ""^27 - M7475 + 2v^^l - 2^27375 
+ 7374(-6tu2 + 2u^) + -il{2t^u^ + 2tu^ - 2u^) 

+ 76(-5i2u2 + htu^) + 75(t4u + 3t3y2 _^ ^2^3^ 

+ 74(6t^M2 _ 3^3^3 _ 2i2y4 _ ^^5 ^ ^6) 

+ 73(-6t^u2 _ 2i4^3 _,. 4^3y4 ^ g^2^5 _ _^ ^7) 

+ At''u^ - Qt^u^ + 2t\^ + t^u' - t'^u^, 
a; = 715 - 207376 + 37379 - 237I76 - 67I + 47579 
+ 3u747io - ^7579 - 3U7I7I + 3UC77374 - 6U7I76 
+ {-3t + 2u)7|75 + (-4i + 4m)737576 
+ (-i2 - u2)^4^g + (^2 ^ _ u^)c7'yi 
+ (9*2 + 12to + 5^2)737476 



+ (5i2 + 6tu + 2w2)7|74 + (3i^ + Atu + u^)c^^q 

+ (-6t^ - 2t^u - 6tu^ + 5ii^)73 - M^7379 

+ {St'^u + u^)-fl + {2t^u + 3tu'^)c7-f5 

+ (-45i^ + lOt^u - mu^)jl 

+ {t^ - 2t'^u + tu^ - u^)737475 

+ (-33i^ + t^u - ZUu^ + 13u3)7|76 

+ (-2^" - a£>u - itu^ + 3^^^)0774 

+ (-gt"* - 6t^w - \U^u^ + 5tw^ - 3w'*)7576 

+ (-3^"* - it^u - It^u^ + - 4m'*)7|75 

+ {-t^ - 6t^u - t^u^ - 3iu^)737| 

+ {-3t\ - et^u'^ + it^u^ + lhtu^)-iw 

+ {-if^u + t^u^ + 5t'^u^ + lOtu^ - u^)c773 

+ (15^^ - 2t\ + 3t^u^ + Ut'^u^ ~ letu'^ + Su^hhi 

+ {39t^ - ISf^u + U^u^ + ibt^u^ - iltu^ - 3m^)7476 

+ {-m^ + m^u + bt^u^ - set^w^ + u'^u^ + 2itu^ 

+ 2^*^)7376 

+ (6i^ + 3t^M + 2t\'^ + It^u^ + fu'^ - 8tu^ + 3m^)7475 
+ {~St^ + 6t^u + 2t'^u'^ - 22t^u^ + &t^u^ + 8to^ 
- 2u«)7| 

+ (-6t^ + t^M - Tt^'ii^ + 5t^/ + 3t2M^ + itu^ - 63w^)7| 



4. Concluding remarks 

The flag manifold G/T also appears as Gel where 
Gc denotes the complexification of G and B a Borel 
subgroup of Gc containing Tc, the complexification of 
T. The subgroup B acts on Gc/B by the left transla- 
tion. Each element w W defines an element := 
wB in Gc/B, and the _B-orbit X,° := B ■ of e^u un- 
der this action is isomorphic to an affine space, and is 
called a Schubert cell corresponding to w. Then it was 
shown by Chevalley |;9^ that the manifold Gc / B admits 
a cellular decomposition 



(4.1) 



Gc/B = II X= 



wew 



39u'^)7375 

it^u^ - 40tw^ -I- 59u*^)c7 



3„,5 



(3r + ru^ + iiew" + i4ru^ - 20^^^ - a^u 

118tu^-H3u^)7374 

(-48^^ + 3t^u - 4lfu^ + 18tS^ + let^u'^ 

- 67t^u^ + 125t^u'^ - 15tu^ - 291u^)76 
(-18i^ - 3t^u - 16fu^ + lOt^u^ - 4t^u'^ - St^u^ 
m^u^ - 23t^u^ - lOtu^ - llbu^hi 
{-6f" ~ 3fu - 9t^u^ + bt^u^ - bt^u^ - lAt\^ 
52t^u'^ + 6t^u^ - 60tu^ + 117ii^°)75 
(18t" - 3f°u + bfu^ + llt^u^ - 28t'^u^ + 8fu^ 



54i\9 



178iu 



10 



177u")74 

(-2t^2 -I- 6t"u -I- 2t^°u^ - 2Qt^u^ + llt^u^ 



+ 117u^")73 



13K\" 



6t^u^^ - 233t^u^^ 



nbtu"" - 58u 
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The Schubert variety corresponding to w is defined 
to be the closure of the Schubert cell X° , and it deter- 
mines a Schubert class in H*{Gc/B; Z). It follows from 
(|4.ip that the set of Schubert classes form a Z-basis 
for H*{Gc/B;Z) (for details, see [T], [5], [13]). This 
is the Schubert presentation of the cohomology ring of 
G/T. It is natural to ask the connection between the 
Borel and the Schubert presentations. In [1], Bernstein, 
Gelfand and Gelfand introduced the divided difference 
operators and gave a general answer to the above prob- 
lem. In our situation, the generators ti (I < i < 8), 
t and 7i (i = 3,4,5,6,9,10,15) in Theorem 13.41 can be 
expressed as Z-linear combinations of Schubert classes 
indexed by W{Es)- The explicit forms will be given 
in our forthcoming paper ([H]) (see also [H] for the 
Schubert presentation of H*{Es/T] Z)). 
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